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The ﬂuctuations in the ideal quantum gases are studied using the strongly intensive measures Δ[A, B]
and Σ[A, B] deﬁned in terms of two extensive quantities A and B . In the present Letter, these extensive
quantities are taken as the motional variable, A = X , the system energy E or transverse momentum PT ,
and number of particles, B = N . This choice is most often considered in studying the event-by-event
ﬂuctuations and correlations in high energy nucleus–nucleus collisions. The recently proposed special
normalization ensures that Δ and Σ are dimensionless and equal to unity for ﬂuctuations given by the
independent particle model. In statistical mechanics, the grand canonical ensemble formulation within
the Boltzmann approximation gives an example of independent particle model. Our results demonstrate
the effects due to the Bose and Fermi statistics. Estimates of the effects of quantum statistics in the
hadron gas at temperatures and chemical potentials typical for thermal models of hadron production in
high energy collisions are presented. In the case of massless particles and zero chemical potential the Δ
and Σ measures are calculated analytically.
© 2014 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/3.0/). Funded by SCOAP3.1. Introduction
Experimental and theoretical studies of the event-by-event
(e-by-e) ﬂuctuations in nucleus–nucleus (A+A) collisions give new
information about properties of the strongly interacting matter and
its phases. A possibility to observe signatures of the QCD matter
critical point inspired the energy and system size scan program
of the NA61/SHINE Collaboration at the SPS CERN [1] and the low
energy scan program of the STAR and PHENIX Collaborations at
the RHIC BNL [2]. In these studies one measures and then com-
pares the e-by-e ﬂuctuations in collisions of different nuclei at
different collision energies. The average sizes of the created physi-
cal systems and their e-by-e ﬂuctuations are expected to be rather
different [3]. This strongly affects the observed hadron ﬂuctuations,
i.e. the measured quantities would not describe the local physical
properties of the system but rather reﬂect the system size ﬂuc-
tuations. For instance, A + A collisions with different centralities
may produce a system with approximately the same local proper-
ties (e.g., the same temperature and baryonic chemical potential)
but with the volume changing signiﬁcantly from interaction to in-
teraction. Note that in high energy collisions the average volume
of created matter and its variations from collision to collision are
* Corresponding author.http://dx.doi.org/10.1016/j.physletb.2014.01.028
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SCOAP3.usually out of experimental control (i.e. these volume variations
are diﬃcult or even impossible to measure).
In the statistical mechanics the extensive quantity A is propor-
tional to the system volume V , whereas intensive quantity has a
ﬁxed ﬁnite value in the thermodynamical limit V → ∞. The in-
tensive quantities are used to describe the local properties of a
physical system. In particular, an equation of state of the matter
is usually formulated in terms of the intensive physical quantities,
e.g., the pressure is considered as a function of temperature and
chemical potentials. In the statistical systems outside of the phase
transition regions, a mean value of ﬂuctuating extensive quantity,
〈A〉, and its variance, Var(A) = 〈A2〉 − 〈A〉2, are both proportional
to the volume V in the limit of large volumes. The scaled variance,
ω[A] = 〈A
2〉 − 〈A〉2
〈A〉 , (1)
is therefore an intensive quantity. However, the scaled variance be-
ing an intensive quantity depends on the system size ﬂuctuations.
Strongly intensive quantities introduced in Ref. [4] are inde-
pendent of the average volume and of volume ﬂuctuations. These
quantities were suggested for and are used in studies of e-by-e
ﬂuctuations of hadron production in A + A collisions. Strongly
intensive measures of ﬂuctuations are deﬁned in terms of two
arbitrary extensive quantities A and B . In the present study weunder the CC BY license (http://creativecommons.org/licenses/by/3.0/). Funded by
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variable X = x1 + · · · + xN as a sum of single particle variables
x j , with j = 1, . . . ,N , and number of particles N . These measures
were recently studied within the UrQMD simulations in Ref. [5].
The case of two hadron multiplicities A and B in A + A collisions
has been considered within the HSD transport model in Ref. [6].
At the beginning we identify a single particle variable x with the
particle energy  and then consider the particle transverse mo-
mentum pT .
The strongly intensive measure Δ[X,N] and Σ[X,N] are de-
ﬁned as [4]:
Δ[X,N] = 1
CΔ
[〈N〉ω[X] − 〈X〉ω[N]], (2)
Σ[X,N] = 1
CΣ
[〈N〉ω[X] + 〈X〉ω[N] − 2(〈XN〉 − 〈X〉〈N〉)], (3)
where CΔ and CΣ are the normalization factors, and the scaled
variances ω[X] and ω[N] are given by Eq. (1).
In Ref. [7] a special normalization for the strongly intensive
measures Δ and Σ has been proposed. Namely, the properly nor-
malized strongly intensive quantities assume the value one for ﬂuc-
tuations given by the independent particle model (IPM). For the X
and N extensive quantities the proposed normalization reads [7]:
CΔ = CΣ = ω[x] · 〈N〉, ω[x] ≡ x
2 − x2
x
. (4)
Note that the overline denotes averaging over a single particle
inclusive distribution, whereas 〈· · ·〉 represents averaging over mul-
tiparticle states of the system.
The ﬁrst strongly intensive measure for ﬂuctuations, the so-
called Φ measure, was introduced a long time ago in Ref. [8]. The
Φ quantity for the ideal quantum gases was considered in Ref. [9].
There were numerous attempts to use the Φ measure describing
ﬂuctuations in experimental data [10] and models [11]. In general,
however, Φ is a dimensional quantity and it does not have a char-
acteristic scale for a quantitative analysis of e-by-e ﬂuctuations for
different observables. Note that the latter properties were clearly
disturbing. The Φ measure can be expressed in terms of Σ [4].
A presence of additional ﬂuctuation measure Δ and utilization of
special normalization conditions for both Δ and Σ give essential
advantages in application to the data analysis in A+ A collisions.
In the present Letter we study the strongly intensive mea-
sures (2) and (3) with normalization factors (4) for the relativistic
ideal quantum gases in the grand canonical ensemble. The Let-
ter is organized as follows. In Section 2 we calculate the Δ[X,N]
and Σ[X,N] quantities for the ideal quantum gases in the grand
canonical ensemble. Analytical and numerical results suitable for
the hadron gas created in A + A collisions are presented in Sec-
tion 3. A summary in Section 4 closes the article.
2. Ideal quantum gas
The grand canonical ensemble (GCE) partition function reads:
Ξ(V , T , λ) =
∑
N
∑
α
λN exp(−βEα), (5)
where V is the system volume, β ≡ T−1 is the inverse system tem-
perature, λ ≡ exp(βμ) denotes the fugacity and μ the chemical
potential. The index α numerates the system quantum states, and
N is the number of particles. The ensemble average values of the
kth moments (k = 1,2, . . .) of any state quantity A are calculated
as:〈
Ak
〉= 1
Ξ
∑
N
∑
α
AkλN exp(−βEα). (6)
The GCE partition function (5) can be presented in the form
Ξ = exp
{
V η−1d
∫
d3p
(2π)3
ln
[
1+ ηλexp(−β)]
}
, (7)
where d is the number of particle internal degrees of freedom and
 ≡ √m2 + p2 is the particle energy with m being the particle
mass and p its momentum. The values η = −1 and η = 1 corre-
spond to the Bose and Fermi statistics, respectively, whereas η = 0
to the Boltzmann approximation. Using the presentation (7) one
can calculate the averages (6) for the 1st and 2nd moments of the
energy E and number of particles N:
〈N〉 = 1
Ξ
λ
∂Ξ
∂λ
= Vρ,
ρ ≡ d
∫
d3p
(2π)3
1
λ−1 exp(/T ) + η , (8)
〈
N2
〉= 1
Ξ
(
λ
∂
∂λ
)2
Ξ = V 2ρ2 + V IN ,
IN ≡ d
∫
d3p
(2π)3
λ−1 exp(/T )
[λ−1 exp(/T ) + η]2 , (9)
〈E〉 = − 1
Ξ
∂Ξ
∂β
= V ε,
ε ≡ d
∫
d3p
(2π)3

λ−1 exp(/T ) + η , (10)
〈
E2
〉= 1
Ξ
∂2
∂β2
Ξ = 〈E〉2 + V IE ,
I E ≡ d
∫
d3p
(2π)3
2λ−1 exp(/T )
[λ−1 exp(/T ) + η]2 , (11)
〈EN〉 = − 1
Ξ
∂
∂β
λ
∂
∂λ
Ξ = 〈N〉〈E〉 + V IEN ,
I EN ≡ d
∫
d3p
(2π)3
λ−1 exp(/T )
[λ−1 exp(/T ) + η]2 , (12)
where ρ ≡ 〈N〉/V and ε ≡ 〈E〉/V denote the particle number den-
sity and the energy density, respectively.
From Eqs. (8)–(12) one ﬁnds for the scaled variances:
ω[N] ≡ 〈N
2〉 − 〈N〉2
〈N〉 =
IN
ρ
, ω[E] ≡ 〈E
2〉 − 〈E〉2
〈E〉 =
I E
ε
. (13)
They describe the ﬂuctuations of the number of particles and the
system energy at ﬁxed volume V . The scaled variances in Eq. (13)
are intensive quantities, they depend only on T and μ. The quanti-
ties (13) are independent of the particle degeneracy factor d. Note
that there is a (positive) correlation between the energy E and par-
ticle number N:
〈EN〉 − 〈E〉〈N〉 = V IEN > 0. (14)
The moments of single particle energy  (k = 1,2) are
k = d
ρ
∫
d3p
(2π)3
k
λ−1 exp(/T ) + η , (15)
and the scaled variance ω[] is
ω[] = 
2 − 2
. (16)

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obtains:
Δ[E,N] = 1
ω[]
[
ω[E] −  · ω[N]]
= 1
ω[] · ρ
[
I E

−  · IN
]
, (17)
Σ[E,N] = 1
ω[]
[
ω[E] +  · ω[N] − 2 I EN
ρ
]
= 1
ω[] · ρ
[
I E

+  · IN − 2I EN
]
. (18)
Note that our choice of the normalization (4) makes Δ[E,N] and
Σ[E,N] dimensionless. These quantities are also independent of
the degeneracy factor d.
The GCE within Boltzmann approximation satisﬁes the assump-
tions of IPM. Thus, one expects for the Boltzmann gas
ΔBoltz[E,N] = ΣBoltz[E,N] = 1. (19)
This can be easily proven, as for the η = 0 one ﬁnds from Eqs.
(8)–(12):
ω[N] = IN
ρ
= 1, ω[E] = I E
 · ρ =
2

,
〈EN〉 − 〈E〉〈N〉
〈N〉 =
I EN
ρ
= , (20)
and Eqs. (17) and (18) are transformed to Eq. (19). Using (8)–(12)
the following general relations can be proven
ΔBose[E,N] < ΔBoltz = 1 < ΔFermi[E,N], (21)
ΣFermi[E,N] < ΣBoltz = 1 < ΣBose[E,N], (22)
i.e. Bose statistics makes Δ[E,N] to be smaller and Σ[E,N] larger
than unity, whereas Fermi statistics works in exactly opposite way.
The strongly intensive measures Δ and Σ are independent of
the volume and of its ﬂuctuations. This is valid within the GCE,
when the temperature and chemical potentials are volume inde-
pendent. In a presence of volume ﬂuctuations, the second mo-
ments 〈E2〉, 〈N2〉, and 〈EN〉 will include the terms proportional
to 〈V 2〉 which describe the contributions of the volume ﬂuctua-
tions to the ﬂuctuations of E and N . The full averaging will then
include both the GCE averaging (8)–(12) at ﬁxed volume V and an
additional averaging over the volume ﬂuctuations. The scaled vari-
ances (13) do not depend on the average volume of the system, i.e.
they are intensive quantities. However, they do depend on the vol-
ume ﬂuctuations, i.e. the scaled variances are not strongly inten-
sive quantities. On the other hand, the straightforward calculations
demonstrate [4] that contributions from the volume ﬂuctuations to
Δ and Σ are canceled out and Eqs. (17), (18) remain valid, i.e. Δ
and Σ are indeed the strongly intensive measures in the GCE.
3. Hadron gas
In this section we consider the measures Δ and Σ for the
hadron gas with thermodynamical parameters typical for the ther-
mal models of A+ A collisions.
3.1. Massless particles
We start from the system with m = μ = 0. In the case, the
calculations of quantities entering (8)–(12) can be performed ana-
lytically:ρ = d
2π2
∞∫
0
p2 dp
1
exp(p/T ) ± 1 =
dζ(3)
π2
(
3/4
1
)
T 3
∼= d
(
0.091
0.122
)
T 3, (23)
 = d
2π2ρ
∞∫
0
p2 dp
p
exp(p/T ) ± 1 =
3ζ(4)
ζ(3)
(
7/6
1
)
T
∼=
(
3.152
2.701
)
T , (24)
2 = d
2π2ρ
∞∫
0
p2 dp
p2
exp(p/T ) ± 1 =
12ζ(5)
ζ(3)
(
5/4
1
)
T 2
∼=
(
12.941
10.352
)
T 2, (25)
IN = d
2π2
∞∫
0
p2 dp
exp(p/T )
[exp(p/T ) ± 1]2 =
dζ(2)
π2
(
1/2
1
)
T 3
∼= d
(
0.083
0.167
)
T 3, (26)
I EN = d
2π2
∞∫
0
p2 dp
p exp(p/T )
[exp(p/T ) ± 1]2 =
3dζ(3)
π2
(
3/4
1
)
T 4
∼= d
(
0.274
0.365
)
T 4, (27)
I E = d
2π2
∞∫
0
p2 dp
p2 exp(p/T )
[exp(p/T ) ± 1]2 =
12dζ(4)
π2
(
7/8
1
)
T 5
∼= d
(
1.151
1.316
)
T 5, (28)
where ζ(s) is the Riemann zeta function: ζ(2) = π2/6 ∼= 1.645,
ζ(3) ∼= 1.202, ζ(4) = π4/90 ∼= 1.082, ζ(5) ∼= 1.037. The upper case
in Eqs. (23)–(28) and in equations below corresponds to fermions
(η = +1) and the lower one to bosons (η = −1). From these equa-
tions it follows:
ω[] ∼=
(
0.954
1.132
)
T ,  · IN
ρ
∼=
(
2.875
3.697
)
T ,
I E
ρ
= 4T , I EN
ρ
= 3T . (29)
Finally, one obtains
Δ[E,N] ∼=
(
1.179
0.268
)
, Σ[E,N] ∼=
(
0.917
1.499
)
. (30)
The strongly intensive measures Δ[E,N] and Σ[E,N] (30) pos-
sess the values which are independent of T . This is evident as the
temperature is the only dimensional variable for the system with
m = μ = 0, and Δ and Σ measures are dimensionless quantities
due to our normalization.
In the Boltzmann approximation η = 0, the integrals in
Eqs. (23)–(28) are reduced to
∫∞
0 dx x
k exp(−x) = k! with k = 2,3,4.
One obtains
ω[] = T ,  · IN
ρ
= 3T , I E
ρ
= 4T , I EN
ρ
= 3T , (31)
and Eq. (19) is satisﬁed.
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solid lines correspond to μπ = 0 and dotted lines to μπ = 100 MeV. The horizontal
dashed lines show the Boltzmann approximation (19) equal to 1.
3.2. Pion gas
The pion gas corresponds to the Bose statistics (η = −1) and
mπ ∼= 140 MeV. We consider the chemical equilibrium pion gas
(μπ = 0) and one example of chemical non-equilibrium (μπ =
100 MeV). Calculating the quantities ρ ,  , 2, I E , IN , I EN accord-
ing to Eqs. (8)–(12) and ω[] with Eq. (16) one obtains Δ[E,N] by
Eq. (17) and Σ[E,N] by Eq. (18). The dependence Δ[E,N] and
Σ[E,N] on the temperature is shown in Fig. 1. The two lines
are presented: the solid line for μπ = 0 and the dotted line for
μπ = 100 MeV. The horizontal line in Fig. 1(a) and (b) corresponds
to the Boltzmann approximation (19). This approximation appears
to be always valid at T 	mπ . In the ultra-relativistic limit T 
mπ
the results from Eq. (30) are approached, i.e approximately 0.27 for
Δ[E,N] and 1.5 for Σ[E,N]. Note that solid and dotted lines for
Δ[E,N] verge towards their inﬁnite temperature limit 0.27 from
above and from below, respectively. Therefore, Δ[E,N] at μπ = 0
has a minimum for an intermediate T value. However, the ultra-
relativistic limit for pions has of course only a mathematical mean-
ing, the hadron gas does not exist at T > 200 MeV.
The typical freeze-out temperatures in statistical and hydrody-
namical models of A + A collisions are T = 130–170 MeV. In this
temperature region, the deviations of Δ[E,N] and Σ[E,N] from
the IPM results (19) are quite signiﬁcant, about 25% and 10%, re-
spectively. These deviations are strongly enlarged for the chemical
non-equilibrium pion gas with μπ > 0. The Bose statistics lead
to the singular behavior of ﬂuctuations at μπ → mπ , which cor-
responds to the Bose–Einstein condensation of pions. We do not
touch this problem in the present study. For the ﬂuctuations of
pion multiplicity this was considered in Ref. [12].In applications to A+A collisions one should however take into
account that a substantial fraction of the ﬁnal state pions come
from the resonance decays. These pions do not ‘feel’ [9] the Bose
statistics, and thus the Bose statistics contribution to Δ[E,N] and
Σ[E,N] is reduced.
The strongly intensive measures Δ[E,N] (17) and Σ[E,N] (18)
include the contributions from the energy ﬂuctuations ω[E] =
I E/(ρ), particle number ﬂuctuations  · ω[N] =  · IN/ρ , and cor-
relations I EN/ρ between E and N . The average particle energy can
be calculated as  = 〈E〉/〈N〉. The suggested normalization requires
also a knowledge of 2 to ﬁnd the inclusive energy ﬂuctuations
ω[] (16). Fore any physical quantity A in the pion gas we intro-
duce the ratio
R(A) = A
Bose
ABoltz
, (32)
where ABose and ABoltz are calculated for Bose statistics and within
the Boltzmann approximation, respectively. The Bose and Boltz-
mann A-values will be calculated at the same T and μπ values.
In Fig. 2 we show the ratios R of the pion gas quantities ω[],
ω[E],  · ω[N], and I EN/ρ to their Boltzmann approximations. The
later can be found by taking η = 0 in Eqs. (8)–(12). Deviations of
the ratios in Fig. 2 from unity are due to the Bose statistics ef-
fects for the corresponding physical quantity. One observes that
both ω[E] and I EN/ρ at μπ = 0 are approximately insensitive to
the Bose effects. The Bose effects for Δ[E,N] and Σ[E,N] seen
in Fig. 1 are mostly due to the quantum statistics contribution to
 ·ω[N] and ω[]. Particularly, rather large values of R( ·ω[N]) at
μπ = 100 MeV and large T are seen in Fig. 2(c). Just these large
values are responsible for a suppression of Δ[E,N] and enhance-
ment of Σ[E,N] shown by dotted lines in Fig. 1(a) and (b), respec-
tively. The above observation is also supported by the analytical
calculations at m = μ = 0 and becomes even stronger. A compar-
ison of Eq. (29) and Eq. (31) demonstrate that for m = μ = 0 the
values of ω[] and  IN/ρ are sensitive to the effects of quantum
statistics whereas I E/(ρ) and I EN/ρ are not.
The Bose statistics for the pion gas is the main source of quan-
tum statistics effects in the hadron gas with parameters T and
μ typical for the hadron system created in A + A collisions. The
proton gas corresponds to Fermi statistics (η = 1) and m = mp ∼=
938 MeV. The proton chemical potential is approximately equal to
the baryon chemical potential μB (additional contribution due to
electric chemical potential is negligible in high energy collisions).
The effects of quantum statistics in the proton gas increase with
increasing of both T and μB . However, the T and μB values in
the hadron gas are correlated: at small energies of A+A collisions,
large μB and small T values appear, whereas with increasing of
collision energy T moves to its maximum of about 170 MeV and
simultaneously μB approaches to zero. For typical T and μB val-
ues we ﬁnd for the proton gas
Δ[E,N] ∼= 1.030, Σ[E,N] ∼= 0.997,
at T = 150 MeV, μB = 300 MeV, (33)
Δ[E,N] ∼= 1.040, Σ[E,N] ∼= 0.997,
at T = 100 MeV, μB = 500 MeV. (34)
A deviation of the Δ and Σ quantities from 1 in an ideal gas
within GCE is due to the quantum statistics. From Eqs. (33), (34)
one concludes that Fermi statistics effects for the proton gas are
quite small for typical T and μB values in the hadron gas: they
give only a few percent contribution to Δ[E,N] and almost negli-
gible contribution to Σ[E,N].
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Using the above equations one can easily calculate the mea-
sures Δ[PT ,N] and Σ[PT ,N] for the transverse momentum ﬂuc-
tuations. Since pT = p · sin(θ) with p = |p| and θ being the angle
between p and the ‘beam’ z-axis, one gets for an arbitrary f (p)
function:∫
d3p pT f (p) = π
4
∫
d3p pf (p),
∫
d3p p2T f (p) =
2
3
∫
d3p p2 f (p). (35)
First, one may calculate the statistical integrals in Eqs. (8)–(12)
for P and N quantities, i.e. with p and p2 instead of
√
p2 +m2
and p2 +m2, respectively. The expressions for ρ and for IN remain
unchanged. To calculate p2 and I P the following relations can be
used:
p2 = 2 −m2, I P = I E −m2 · IN . (36)
And there are two new integrals:
p = d
2π2ρ
∞∫
0
p2 dp
p
exp[√p2 +m2/T ] − 1 , (37)
I P N = d
2π2
∞∫
0
p2 dp
p exp[√p2 +m2/T ]
[exp(√p2 +m2/T ) − 1]2 , (38)
instead of  and I EN , respectively.
Using Eq. (35) one then ﬁnds:
pT = π · p, p2T =
2 · p2, ω[pT ] = p
2
T − pT 2 , (39)4 3 pTI PT =
2
3
· I E , I PT N =
π
4
· I EN . (40)
The results for Δ[PT ,N] and Σ[PT ,N] in the pion gas are
shown in Fig. 3. From a comparison of this ﬁgure with Fig. 1 one
concludes that qualitative behavior of Δ and Σ measures for ex-
tensive quantities [PT ,N] is the same as for [E,N] ones. Quantita-
tively, the Bose effects in Fig. 3 are smaller than the corresponding
effects seen in Fig. 1. At m = μ = 0 one obtains
Δ[PT ,N] ∼=
(
1.125
0.433
)
, Σ[PT ,N] ∼=
(
0.931
1.398
)
. (41)
These values can be compared with the corresponding results for
E and N , Eq. (30).
3.4. Connection to the Φ measure
The well-known ﬂuctuation measure Φ was introduced in
Ref. [8]. In a general case, when X = ∑Ni=1 xi represents any mo-
tional extensive quantity as a sum of single particle quantities, one
gets [4]:
ΦX =
[
ω[x]〈X〉
〈N〉 Σ[X,N]
]1/2
− [x2 − x2]1/2, (42)
where Σ[X,N] is given by Eq. (3) and CΣ by Eq. (4). Therefore,
the Φ quantity can be expressed via measure Σ . At m = μ = 0 it
then follows:
ΦE =
[
 · ω[]]1/2[(Σ[E,N])1/2 − 1]=
(−0.074
0.392
)
T , (43)
ΦPT =
[
pT · ω[pT ]
]1/2[(
Σ[PT ,N]
)1/2 − 1]=
(−0.056
0.283
)
T . (44)
These results are in agreement with those obtained in Ref. [9].
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solid lines correspond to μπ = 0 and dotted lines to μπ = 100 MeV. The horizontal
dashed lines show the Boltzmann approximation (19) equal to 1.
4. Summary
The strongly intensive ﬂuctuation measures Δ and Σ have been
studied for the ideal Bose and Fermi gases within the grand canon-
ical ensemble. In the present Letter, the Δ and Σ quantities are
considered for two speciﬁc extensive quantities – motional vari-
able X (either the system energy E or transverse momentum PT )
and number of particles N . We have used the normalization of the
strongly intensive measures which makes them dimensionless and
equal to unity for ﬂuctuations given by the independent particle
model. The grand canonical ensemble within the Boltzmann ap-
proximation satisﬁes the conditions of independent particle model.
Our results demonstrate deviations from the independent particle
model due to the Bose and Fermi statistics. We present estimates
of these quantum statistics effects for the hadron gas with thermo-
dynamical parameters typical for the thermal models of A+A colli-
sions. In the case of massless particles and zero chemical potential
the Δ and Σ measures are calculated analytically. Numerical es-
timates for the Bose effects in the pion gas at the temperatures
from 0 to 200 MeV are presented. For the Fermi gas of protons the
quantum effects appear to be quite small.The measures Δ and Σ are used to study the event-by-
event ﬂuctuations and correlations in high energy nucleus–nucleus
and proton–proton collisions. From our results it follows that
the Bose effects in the pion gas can be an important source of
the transverse momentum ﬂuctuations, especially in chemically
non-equilibrium case with μπ > 0. However, other sources of
dynamical ﬂuctuations and correlations (e.g., exact conservation
laws within micro-canonical ensemble, resonance decays, trans-
verse collective ﬂow, ﬂuctuations of temperature, correlations be-
tween temperature and particle multiplicity, etc.) should be con-
sidered to make a realistic comparison of theoretical models with
the data.
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